Given a smooth action of S 3 on a manifold M, we are interested in the relationship between the cohomologies of M and M/S 3 . If the action is free, we have indeed a principal S 3 -bundle, and this relationship is described by the classical Gysin sequence, which also exists when the action is semifree (i.e., fixed points are allowed) [3] . In this work, we obtain a Gysin sequence for the case of a general smooth action. An exotic term appears, and we show that it is an obstruction for the duality of the second term of the de Rham spectral sequence associated to the action.
We describe the stratification arising from the action. We also introduce the controlled differential forms, defined by Verona, in order to compute the singular cohomology in this context.
Thom-Mather structure.
There are three possibilities for the dimension of the isotropy subgroup 2 S 3 x of a point x ∈ M, namely: 0,1 and 3. So, we have the dimension-type filtration
In this section, we describe the geometry of the triple (M, Σ, F). The subset Σ is not necessarily a manifold, but subsets F = M S 3 , Σ\F = x ∈ M dim S 3 x = 1 and M\Σ = x ∈ M dim S 3 x = 0 are proper invariant submanifolds 3 of M. So, we can consider τ 0 : T 0 → F and τ 1 : T 1 → Σ\F two invariant tubular neighborhoods in M. Over each connected component, the structure group is the orthogonal group. Associated to these tubular neighborhoods we have the following maps (k = 0, 1):
The radius map ν k : T k → [0, ∞[, defined fiberwiselly by u → u . It is an invariant smooth map.
The dilatation map ∂ k : [0, ∞[×T k → T k , defined fiberwiselly by (t, u) → t · u. It is a smooth equivariant map.
The family of tubular neighborhoods T M = {T 0 , T 1 } is a Thom-Mather system when:
1 (T 0 ∩ (Σ\F)).
Lemma 1.2 Thom-Mather systems exist.
Proof. We fix an invariant tubular neighborhood τ 0 : T 0 → F. It exists since F is an invariant closed submanifold of M. Since the isotropy subgroup of any point of F is the whole S 3 , we can find 4 an atlas 2 We refer the reader to [3] for the notions related with compact Lie group actions, such as isotropy, invariant tubular neighborhoods,. . . 3 In fact, these manifolds may have connected components with different dimensions. 4 For each connected component of F.
0 (U) of τ 0 , having O(n) as structure group, and an orthogonal action Ψ :
We write τ ′ 0 : S 0 → F the restriction of τ 0 , where S 0 is the submanifold ν −1 0 (1). It is a fiber bundle. The restriction τ ′′ 0 : (S 0 ∩(Σ\F)) → F is also a fiber bundle whose induced atlas is
the map τ 0 becomes (y, t) → τ ′ 0 (y), the map ν 0 becomes (y, t) → t, and the manifold T 0 ∩ (Σ\F) becomes (S 0 ∩ (Σ\F))×]0, ∞[. Since the structure group of τ ′ 0 is a compact Lie group, condition (1) allows us to construct an invariant Riemannian metric µ 0 on S 0 such that the fibers of τ ′ 0 are totally geodesic submanifolds and
. Then, if we consider the associated tubular neighborhood τ
We can construct now an invariant Riemannian metric µ on M\F such that under L 0 :
the metric µ becomes µ 0 + dr 2 on S 0 ×]0, ∞[. We consider the associated tubular neighborhood τ 1 : T 1 → Σ\F. Verification of the property (TM) must be done on T 0 ∩ T 1 , where using L 0 , we get: 
Verona's differential forms.
As it is shown in [7] , the singular cohomology of M can be computed by using differential forms on M\Σ. This is the tool we use in this work. The complex of controlled forms (or Verona's forms) of M is defined by
Following [7] we know that the cohomology of the complex
We also use in this work the complex Ω *
Since M is a manifold, controlled forms are in fact differential forms on M.
Lemma 1.4 Any controlled form of M is the restriction of a differential form of M.
Proof. First, we construct a section σ of the restriction ρ :
This differential form is a controlled form since 
Basic forms. A controlled form ω of M is a basic form when
The complex of the basic forms is denoted by Ω * V M/S 3 . In a similar fashion we define Ω * V Σ/S 3 . In this work, we shall use the following relative versions of these complexes:
Proof. The orbit space M/S 3 is a stratified pseudomanifold. The family of tubular neighborhoods Since
(cf. [7] ). In fact, the orbit spaces M/S 3 and Σ/S 3 are triangulable [8] ,
and by [9] , both of them possess good coverings. Moreover, any open covering of M/S 3 (resp. Σ/S 3 ) possesses a subordinated partition of unity made up of controlled functions. So, we can proceed as in [2] and construct a commutative diagram
where the vertical arrows are isomorphisms and the horizontal rows are the long exact sequences associated to the pair (M/S 3 , Σ/S 3 ). This gives
Gysin sequence.
We construct the long exact sequence associated to the action Φ : S 3 × M → M relating the cohomology of M and M/S 3 . First of all, we shall use strongly that Φ is almost free 6 in M\Σ to get a better description of the controlled forms of M.
Decomposition of a differential
We denote by X i ∈ X Φ (M) the fundamental vector field associated to u i , i = 1, 2, 3.
We endow M\Σ with an S 3 -invariant Riemannian metric µ 0 , which exists because S 3 is compact. We also fix a bi-invariant Riemannian metric ν on the Lie group S 3 . Consider now the µ 0 -orthogonal S 3 -invariant decomposition T (M\Σ) = D ⊕ ξ, where D is the distribution generated by Φ. Since the action Φ is almost free on M\Σ, for each point x ∈ M\Σ, the family {X 1 (x), X 2 (x), X 3 (x)} is a basis of D x . We define the S 3 -Riemannian metric µ on M\Σ by putting
We denote by
* (M\Σ) possesses a unique writing,
where the coefficients • ω are horizontal forms, that is, they verify i X • ω = 0 for each X ∈ X Φ (M). This is the canonical decomposition of ω. For example,
and we have the canonical decompositions
Consider U ⊂ M\Σ an equivariant open subset. If ω ∈ Ω * (M\Σ, U) then the coefficients of its canonical decomposition are horizontal forms of Ω * (M\Σ, U). The following Lemma is the key for the construction of the Gysin sequence. Given an action of Z 2 on a vector space E generated by the morphism h : E → E, we shall write
the subspace of antisymmetric elements. Notice that j ∈ S 3 acts naturally on M S 1 . 5 Notice that this is not the five lemma. 6 All the isotropy subgroups are finite groups.
Lemma 2.2
Proof. We consider the integration operator:
:
given by:
It is a well defined differential operator since -the tubular neighborhoods of the Thom-Mather's structure T are invariant,
-the operator i X 3 i X 2 i X 1 vanishes on Σ, and
Every form γ ∈ Ω * −3
= γ then we have the short exact sequence
By Lemma 1.7, it suffices to prove the following:
(b) The associated connecting homomorphism δ vanishes.
(a)
For the sake of simplicity we put A * (M) = Ker * . In fact we have
Analogously, we define A * (M, Σ), A * (Σ) and A * (Σ, F). To get (a), it suffices to prove the following facts:
Consider the inclusion L : A * (M, Σ) −→ A * (M) and the restriction R : A * (M) → A * (Σ), which are differential morphisms. This gives the short sequence
Notice that R•L = 0. This short sequence is exact since:
•The operator R is an onto map. Consider γ ∈ Ω * V (Σ). We know that σ(γ) ∈ Ω * V (M) (cf. Lemma 1.4). The result comes from:
(M) with i X 3 i X 2 i X 1 ω = 0 and i X j ω 1 = 0 for j ∈ {1, 2, 3}. Since τ 0 and τ 1 are equivariant and X j = 0 on F then i X j σ(ω 1 ) = 0 for j ∈ {1, 2, 3}. This gives < σ(ω 1 ) >= 0. Finally,
Now, we will get (a1) by proving that H * A · (M, Σ) = 0. By definition of Verona's forms we have
Let ω be a differential form of Ω * (M\Σ, D\Σ) verifying i X 3 i X 2 i X 1 ω = 0 and i X j dω = 0 for j ∈ {1, 2, 3}. 
Since τ 0 is an equivariant map and f • ν 0 is an invariant map. i X j σ(γ) = 0 for j ∈ {1, 2, 3} since τ 0 is an equivariant map and X j = 0 on F. Then < σ(γ) >= 0 on A * (Σ). Let < ω > be a class of A * (Σ). We can write:
By definition of Verona's differential forms we have
The isotropy subgroup of a point of Σ\F is conjugated to S 1 or N(S 1 ) (cf. [3, Th. 8.5, pag. 153]).
We consider the manifold Γ = (Σ\F)
The Z 2 -action on S 2 is generated by
is the identity Id (resp. − Id ). The Z 2 -action on Γ is induced by Φ( j, −). The Künneth formula gives 
Notice that the connecting morphism δ is defined by δ([ζ]) = ± < d( χ 1 ∧ χ 2 ∧ χ 3 ) ∧ ζ > . We have δ ≡ 0 since ζ 1 = 0 (cf (a1)). ♣
